
Special trigonometric relationships
Students investigate complementary angles and why .
Visible learning
Learning intentions and success criteria should be shared with students later in the learning episode.
This lesson incorporates Path content.
Learning intentions
To use complementary angles to find results 
To verify that  
Success criteria
I can identify pairs of complementary angles.
I can explain why  and  
I can prove why .


Syllabus outcomes
A student:
develops understanding and fluency in mathematics through exploring and connecting mathematical concepts, choosing and applying mathematical techniques to solve problems, and communicating their thinking and reasoning coherently and clearly MAO-WM-01
establishes and applies the properties of trigonometric functions and finds solutions to trigonometric equations MA5-TRG-P-02
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Table 1: lesson summary
	Section
	Summary of activity
	Teaching strategies
	Teaching points

	Launch
	Students are shown a video ‘Exact Trig Values - Hand Trick’ (4:07) (bit.ly/Trighandtrick) demonstrating the hand trick used to remember the exact values for trigonometric ratios.
	
	The purpose of this section is to initiate thinking about relationships related to trigonometric ratios.

	Explore 1
	Students use their calculators to complete Appendix A and observe any patterns. They verify their thinking using the graphs of  and 
	Think-Pair-Share
Notice and wonder
Pose-Pause-Pounce-Bounce
	Students discover the complementary relationship between  and  

	Summarise 1
	Complementary angles are defined and unpacked further using slide 3–4 of the PowerPoint Special trigonometric relationships (STR PPT). 
	
	This section formalises the complementary angle relationship. 

	Explore 2
	Students use their calculators to complete Appendix B and observe any patterns. 
	Think-Pair-Share
	Students discover the relationship between  and .

	Summarise 2
	 is defined and unpacked further using the PowerPoint. Students perform proofs using exact angles. 
	Think-Pair-Share
	This section formalises rule  . 

	Apply
	Students revisit the hand trick from the launch and try to explain why it works using the new relationships. 
	Think-Pair-Share
Pose-Pause-Pounce-Bounce
	This section aims to determine the mathematics behind the hand trick. 



Activity structure
Please use the associated PowerPoint Special trigonometric relationships (STR PPT) to display images in this lesson.
Launch
1. Show students the video ‘Exact Trig Values - Hand Trick’ (4:07) (bit.ly/Trighandtrick). 
1. In pairs allow students time to practise finding the exact trigonometric values using the hand trick.
1. Inform students that in this lesson they will discover some trigonometric relationships that help to explain why the hand trick works.
The students will not have enough information yet to explain why the trick works.
The hand trick relies on symmetry; all ratios being divided by 2 and there are 5 different angles and 5 fingers. This will be explained in more detail later in the lesson.
Explore 1 – complementary angles
1. Distribute Appendix A ‘Comparing answers’ to students and ask them to use their calculators to fill in the table. 
2. In a Think-Pair-Share (bit.ly/thinkpairsharestrategy) ask students to consider what they notice and what they wonder (bit.ly/noticewonderstrategy) about their answers. 
Students should observe that certain sine and cosine ratios for specific angles are identical. This should prompt curiosity about the relationship between these angles and the reasoning behind their equivalence. 
3. Draw student's attention to the graph at the bottom of Appendix A. Tell students that these are the graphs of  and  between 0° and 90°.
4. Have students use the graph to verify what they noticed about the values in the table.
Figure 1: verifying results
[image: Graph of y=sin x and y = cos x. A vertical line drawn at x = 20 and x = 70, both intercepting the trigonometric graph and the same y value (indicated by a horizontal line at y = 0.34).]
Students can draw vertical and horizontal lines showing 2 points with the same  value as seen in Figure 1: verifying results
5. Use the Pose-Pause-Pounce-Bounce questioning strategy (PDF 557 KB) (bit.ly/posepausepouncebounce) to unpack students thinking.
Summarise 1 – complementary angles
1. Reveal the relevant learning intentions and success criteria outlining to students the complementary angle rule. 
1. Remind students of the concept that complementary angles add to 90° and display slide 3 of the PowerPoint (STR PPT) to display the relationships.
1. Display slide 4 of the PowerPoint (STR PPT) and have students answer the prompting questions in a Think-Pair-Share. 
1. Revisit the exact value trigonometric ratios. Have students match all the complementary angles.
, , , , 
Explore 2 - 
1. Distribute Appendix B ‘Investigating tan’, and have students complete the columns in the table for ‘ and ’ using their calculators. 
2. In a Think-Pair-Share, ask students to consider what they notice and what they wonder about their answers. 
Students should observe that the tangent ratio of an angle is equal to the sine ratio divided by the cosine ratio for that angle. This may prompt curiosity about why this relationship holds and why some answers show slight discrepancies. This provides an excellent opportunity to revisit the impact of rounding in calculations and how it affects results and why we use exact values when we can. 
Summarise 2 – 
1. Display slide 5 of the PowerPoint (STR PPT) to formalise the relationship .
2. In a Think-Pair-Share have students answer the prompting questions from slide 6. 
Slide 7 models the proof for the angle A. 
3. Using a 45° exact value triangle, have students prove that .
4. Repeat the step above using the 60°,30° exact value triangle, proving that  and .
These proofs are in the suggested solutions. 


Apply
1. Revisit the hand trick from the launch. 
1. Pose the question ‘Why does the hand trick work?’ and have students reconsider their response knowing the different relationships. 
1. Allow students time to Think-Pair-Share before initiating a sharing of ideas and reasoning using the Pose-Pause-Pounce-Bounce questioning strategy. 
The hand trick produces complementary angles for sine and cosine. It does this by counting below the finger for sine and above the finger for cosine. This works because the 5 angles and the pairs are in corresponding positions. The flipping of the hand to calculate the tangent of an angle places the sine value on the top and the cosine on the bottom, corresponding with the formula. 


Assessment and differentiation
Suggested opportunities for differentiation
Launch 
Students may benefit from a visual prompt such as a hand, labelled with the angles.
Explore
Appendix A or B could be completed in pairs or as a matching activity.
Students could be extended into supplementary angles and asked to explain why they only exist for sine angles. This could be linked back to obtuse angles in non-right-angled triangles.
Summarise
Students could be extended into writing formal proofs.
Students may benefit from revising fraction division.
Students could be extended into proving and using the, outside, inside shortcut for dividing fractions.
The outside, inside shortcut for dividing fractions involves multiplying the outside numbers together to form the numerator and then the inside numbers together to form the denominator. Students should understand why the shortcut works before using it. For example,  where  and  are the outside values and  and  are the inside values. 
Apply
Students could be challenged to explain the hand trick to the class or make a short video explaining why the hand trick works. 


Suggested opportunities for assessment
[bookmark: _Hlk147833561]Launch 
Self-assessment of the hand trick can be performed by checking answers on the calculator or using the exact ratio triangles. 
Students give each other peer feedback, before sharing with the class in a Think-Pair-Share.
Explore 
The teacher should monitor students to ensure that the complementary angles are paired. 
Summarise
Students will demonstrate their Working mathematically skills in answering the prompting questions from the PowerPoint slide.
Apply
The teacher should monitor students' responses to explanations to check for understanding of the 2 relationships to ensure that the complementary angles are paired. 


[bookmark: _Appendix_A]Appendix A 
[bookmark: _Appendix_B]Comparing answers
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[image: Graph of y=cos x shown in blue and y=sin x drawn in red, on the same axes. Graphs are shown for x values between 0 and 90 degrees.]
[bookmark: _Appendix_B_1]Appendix B
Investigating tan
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Suggested solutions
Appendix A – comparing answers
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Appendix B – investigating tan
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