
Cos it’s the angle
Students rearrange the cosine rule to make  the subject of the equation and then use the rule to find missing angles.
Visible learning
This lesson incorporates Path content.
Learning intention
To know how to find the size of a missing angle using the cosine rule.
Success criteria
I can explain the relationship between the longest side in a triangle and the largest angle.
I can rearrange the cosine rule to make the angle the subject of the equation.
I can calculate a missing angle using the cosine rule.


Syllabus outcomes
A student:
develops understanding and fluency in mathematics through exploring and connecting mathematical concepts, choosing and applying mathematical techniques to solve problems, and communicating their thinking and reasoning coherently and clearly MAO-WM-01 
applies Pythagoras’ theorem and trigonometry to solve 3-dimensional problems and applies the sine, cosine and area rules to solve 2-dimensional problems, including bearings 
MA5-TRG-P-01
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Activity structure
Please use the associated PowerPoint Cos it’s the angle to display images in this lesson.
Launch
1. Display slide 3 of PowerPoint Cos it’s the angle. 
1. Ask students to order the distances they can see on the map from longest to shortest.
1. Display slide 4 of PowerPoint Cos it’s the angle. 
1. Ask students if knowing the angle means they would change their answer.
1. Display slide 5 of PowerPoint Cos it’s the angle.
1. Ask students to consider what they notice and what they wonder (bit.ly/noticewonderstrategy).
Students should notice that the longest side is opposite the largest angle and the shortest side is opposite the smallest angle and may wonder if this is the same for all triangles.
Explore
1. Place students into visibly random groups of 3 (bit.ly/visiblegroups) on vertical non-permanent surfaces (bit.ly/VNPSstrategy) and provide each group with a ruler.
1. Instruct students to draw 3 triangles, an acute triangle, a right-angled triangle and an obtuse triangle with side lengths of 3 cm and 4 cm either side of the angle. An example can be seen in Figure 1 and on slide 7 of the PowerPoint Cos it’s the angle.
Students can use a set square, corner of a piece of paper or their prior knowledge of the Pythagorean triad (3, 4, 5) to draw the right-angled triangle.
1. Ask students to measure the third side, opposite each of the marked angles.
Figure 1: An acute, right-angled and obtuse triangle
[image: Three triangles each called ABC
The left triangle has an acute angle at ACB, AC = 4 and BC = 3
Middle triangle with right angle at ACB, AC =4 and BC = 3
The right triangle has an obtuse angle at ACB, AC = 4 and BC = 3.]
1. Ask students to consider what they notice and what they wonder about the length of side c in each of the triangles.
Students should notice that as the angle decreased, the length of the side opposite angle C decreased and as the angle increased, the side opposite increased. Students could wonder if this happens with different length triangles. 
1. Have students repeat the process changing the 4 and 3 to lengths of their choice. 
1. Have students perform a gallery walk (bit.ly/DLSgallerywalk) to observe other groups' triangles to reinforce what they initially noticed. 
1. Hand out Appendix A ‘Finding a missing angle’ to each group.
1. Instruct students to use the cosine rule for finding a missing side to try and find the missing angle C.
1. Ask students assessing and advancing questions (DOCX 327 KB) to further student thinking. Some suggestions are made below:
Table 1: assessing and advancing questions
	Assessing questions
	Advancing questions

	What is the important information given on the diagram?
	How do you know you have substituted the information correctly into the cosine rule formula?

	How do you match the information on the diagram with the cosine formula?
	Have you checked each line of your working out in solving the equation?

	What steps can you take to make it easier to solve this equation for ?
	Have you completed the correct inverse process?

	What calculator buttons do you need to use to find a missing angle?
	Have you used the correct calculator process to find the value of the missing angle?


1. Students are to do a gallery walk to look at the steps each group has taken to find the missing angle and their solution. Students are to go back and adjust their working out and solutions if necessary.
Advise students not to erase their work, as they will be returning to it later in the lesson.
1. Ask students to now try and rearrange the cosine rule  to make  the subject of the equation.
To provide further support, teachers could choose to give students the rearranged formula 
  so they know what they are working towards.
Students may not have been taught how to change the subject of an equation. This could be an opportunity to explicitly teach these skills.
1. Display slide 8 of PowerPoint Cos it’s the angle, which shows the rearrangement of the formula.
1. In a Think-Pair-Share (bit.ly/thinkpairsharestrategy), students should discuss the self-explanation prompts on rearranging the equation.
Summarise
1. Use slides 10–13 from the PowerPoint Cos it’s the angle for explicit teaching of finding the missing angle using the cosine rule and the worked examples (your turn) method (DOCX 420 KB).
If you are putting the entire formula into the calculator, it is suggested that you use brackets around the expression in each denominator and numerator of the formula.
1. Place students back into their visibly random groups of 3 and instruct them to verify their previous solution for Appendix A ‘Finding a missing angle’ by now using the rearranged cosine rule.
1. Using the Pose-Pause-Pounce-Bounce questioning strategy (PDF 557 KB) (bit.ly/posepausepouncebounce), ask students which they think is easier, substituting first and solving for C or rearranging the subject of the equation to  before substituting and solving and why.
1. Students are to complete four quadrant notes (DOCX 319 KB) from Appendix B ‘Four quadrant notes’. 
Apply
1. Place students into new visibly random groups of 3 and distribute Appendix C ‘Finding my bearings’.
1. Display slide 15 from the PowerPoint Cos it’s the angle and read out the question for students to attempt.
Belinda is going on a day trip to Cook Island (Jungarra Ngarrian) to swim with the sea turtles. Her tour boat leaves the Tweed Heads jetty to reach the river mouth which is on a bearing of 49°42'. The following distances are given on the map:
Tweed Heads jetty to Tweed River mouth – 1.8 km
Tweed River mouth to Cook Island – 3.6 km
Tweed Heads jetty to Cook Island – 3.9 km
Find the bearing the boat needs to take from the Tweed River mouth to Cook Island.
1. Students are to do a gallery walk to analyse other groups’ solutions and then adjust, if necessary, their solutions.

Assessment and differentiation
Suggested opportunities for differentiation
Launch
To enable students to culturally connect with the launch, the teacher may wish to replicate this activity with an image from their local area.
Explore
Students can be provided with a protractor for further practice of drawing precise and accurate triangles. 
To enable students, provide them with the triangles already drawn.
To enable students to rearrange the cosine rule, explicitly teach changing the subject of an equation before students attempt this task.
Students who are not yet ready to rearrange the cosine rule could conclude the explore after step 6.
Summarise
Encourage students to include an example in their four quadrant notes that has measurements written with decimals and angles rounded off to degrees and minutes.
Students should check that the triangles they have drawn for their four quadrant notes are possible. 
Students complete further questions on using the cosine rule for finding a missing angle before moving on to the apply section of the lesson. 
Apply
To enable students to culturally connect with the scenario, the teacher may wish to replicate this activity with an image from their local area.

Suggested opportunities for assessment
[bookmark: _Hlk147833561]Launch
Students working mathematically skills can be assessed when sharing what they notice and wonder.
Explore
Teacher can monitor responses to advancing and assessing questions while students complete the activity Appendix A ‘Finding a missing angle’.
Summarise
Monitor student responses in the worked Examples (Your turn) section to check for understanding.
An exit ticket could be provided to quickly check that students can substitute the correct values into the cosine rule for finding a missing angle.
Teacher can review students’ four quadrant notes.
The teacher can collect students’ working out verifying their answer to Appendix A ‘Finding a missing angle’ as evidence of students’ understanding of the learning intention.
Apply
When placed in groups of 3, students provide and receive peer feedback on their understanding. 
Students will demonstrate their working mathematically skills in discussions and justifications.
The teacher can collect Appendix C ‘Finding my bearings’ as evidence of students’ understanding of the learning intention.

Appendix A 
Finding a missing angle
Using the cosine rule , can you find the size of angle C?
[image: Drawing of a triangle labelled ABC. AB measuring 4.7 cm, BC measuring 6 cm and AC measuring 5 cm. Question mark at angle C.]


Appendix B 
Four quadrant notes
	[bookmark: _Hlk167699084]Find the value of angle C. [image: A drawing of triangle ABC. AB measuring 9 cm. BC measuring 5 cm. AC measuring 5.4 cm. Find the missing angle C.]

	Example 1
Find the value of angle C. 
[image: A drawing of triangle ABC. AB measuring 5 cm. BC measuring 3 cm. AC measuring 7.6 cm. Find the missing angle C.]


	Things to remember
	Example 2



Appendix C 
Finding my bearings
Belinda is going out on a day trip to Cook Island (Jungarra Ngarrian) to swim with the sea turtles. Her tour boat leaves the Tweed Heads jetty to reach the river mouth which is on a bearing of . The following distances are given on the map below:
Tweed Heads jetty to Tweed River mouth – 1.8 km
Tweed River mouth to Cook Island – 3.6 km
Tweed Heads jetty to Cook Island – 3.9 km [image: A map showing Tweed Heads jetty, Tweed River and Cook Island. A triangle is drawn on the map labelled ABC. Point A is on the jetty. Point B is on Cook Island and Point C is at the mouth of the Tweed River. The distance AB measures 3.9 km. The distance AC measures 1.8 km. The distance BC measures 3.6 km. Point C is on a bearing of 49 degrees 42 minutes from Point A.]
Find the bearing the boat needs to take from the Tweed River mouth to Cook Island.


Sample solutions
Appendix A – finding a missing angle
[image: Drawing of a triangle labelled ABC. AB measuring 4.7 cm, BC measuring 6 cm and AC measuring 5 cm. Question mark at angle C.]
 
Rearrange  into 
 


Appendix B – four quadrant notes
	Find the value of angle C. [image: A drawing of triangle ABC. AB measuring 9 cm. BC measuring 5 cm. AC measuring 5.4 cm. Find the missing angle C.] 

	Example 1
Find the value of angle C. 
[image: A drawing of triangle ABC. AB measuring 5 cm. BC measuring 3 cm. AC measuring 7.6 cm. Find the missing angle C.]


	Things to remember
Always match the sides and angles of the triangle with the variables in the formula, so that the numbers are substituted correctly.
Make sure your calculator is in degrees mode.
Make sure to press shift  on the calculator to find the missing angle.
Make sure to press the degrees, minutes, seconds button to round to the nearest degree and minute.

	Example 2
Find the missing angle C. [image: A drawing of triangle ABC. AB measuring 4.6 cm. BC measuring 5.8 cm. AC measuring 4.8 cm. Find the missing angle C.]



Appendix C – finding my bearings
[image: A map showing Tweed Heads jetty, Tweed River and Cook Island. A triangle is drawn on the map labelled ABC. Point A is on the jetty. Point B is on Cook Island and Point C is at the mouth of the Tweed River. The distance AB measures 3.9 km. The distance AC measures 1.8 km. The distance BC measures 3.6 km. Point C is on a bearing of 49 degrees 42 minutes from Point A. An angle of 130 degrees and 18 minutes between the distance from the jetty to Tweed River mouth and North.]
1. Find angle C using cosine rule formula.

Use co-interior angles of parallel lines to find the angle between the distance from the jetty to Tweed River mouth and North.

Use angles at a point to find the bearing from the Tweed River mouth to Cook Island.

Therefore, the bearing the boat needs to take from the Tweed River mouth to Cook Island is  
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