
Too clever by half
Students will develop the formula for the area of a triangle and use the formula to solve problems.
Visible learning
Learning intention
To establish the formula for the area of a triangle.
Success criteria
I can explain why the area of a triangle is half the area of a parallelogram.
I can identify the base and height of a triangle.
I can find the area of a triangle.
I can substitute values into the formula for the area of a triangle.


Syllabus outcomes
A student:
develops understanding and fluency in mathematics through exploring and connecting mathematical concepts, choosing and applying mathematical techniques to solve problems, and communicating their thinking and reasoning coherently and clearly 
MAO-WM-01
applies knowledge of area and composite area involving triangles, quadrilaterals and circles to solve problems MA4-ARE-C-01
Mathematics K–10 Syllabus © NSW Education Standards Authority (NESA) for and on behalf of the Crown in right of the State of New South Wales, 2022.

Activity structure
Please use the associated PowerPoint Too clever by half in this lesson.
Warm up
The aim of this activity is for students to revisit their multiplicative thinking skills, specifically the use of the commutative property, in anticipation to using the formula for the area of a triangle.
1. Display slide 3 of the Too clever by half PowerPoint, which contains a ‘Two truths and a lie’ prompt (bit.ly/Two_Truths_One_Lie).
1. Ask students to engage in a Think-Pair-Share (bit.ly/thinkpairsharestrategy), to identify which of the statements are true and which is a lie.
1. Display slide 4 of the Too clever by half PowerPoint, which contains another ‘Two truths and a lie’ prompt. Once again, ask students to engage In a Think-Pair-Share to identify which of the statements are true and which is a lie.
1. Use a Pose-Pause-Pounce-Bounce questioning strategy (PDF 557 KB) (bit.ly/posepausepouncebounce), to share student answers and reasoning.
Students should conclude that the order in which we complete the multiplications does not affect the answer.
Launch
1. Display Figure 1 which can be found on slide 6 of the Too clever by half PowerPoint.
1. Ask students to engage in a Think-Pair-Share to identify which triangle they believe has the biggest area and why.
Figure 1 – which triangle has the bigger area?
[image: Parallel lines with points E, F, G, H and I.

Points F and H are on the lower line and form the base of 3 triangles.
Points E, G and I are on the top line and form the vertices of 3 triangles.]
1. Use the Pose-Pause-Pounce-Bounce questioning strategy for students to share their answers and their thinking. Do not confirm at this point if students are correct.
1. Explain to students that for us to solve this problem, we need to find out how to calculate the area of a triangle.
Explore
Equipment
For each pair of students:
Appendix A ‘Triangles’
Appendix B ‘Triangles into parallelograms’
scissors
blank paper
ruler.
Method
1. Distribute a copy of Appendix A to pairs of students.
1. In a Think-Pair-Share students are to discuss what they notice and wonder about the triangles on the page.
1. Use the Pose-Pause-Pounce-Bounce questioning strategy for students to share their thoughts.
Points that students should notice include:
· There are 3 pairs of identical triangles.
· Each of the triangles are labelled with letters to indicate which are the matching sides, in each pair.
· There is a pair of acute-angled triangles, a pair of obtuse-angled triangles and a pair of right-angled triangles.
1. Ask students to cut out the triangles.
1. Distribute blank paper to each pair of students.
1. Continuing in a Think-Pair-Share, ask the students to explore what happens when they rotate the triangles and place them next to each other. Students should trace the shapes they produce onto their blank paper.
1. Use the following questions to promote student thinking:
When you place the 2 identical triangles together, what do you notice about the shapes they make?
When matching the sides with the same letters, what type of shape do they create?
Students should, at a minimum, be able to identify that the shape created is a quadrilateral:
· When students are manipulating the pair of right-angled triangles, they will likely identify that the type of quadrilateral created is a rectangle.
· When manipulating the acute-angled or obtuse-angled triangles, students may need assistance to identify that they can create a parallelogram. Each of the triangles are labelled with letters to indicate which are the matching sides, in each pair.
· Remind students that a rectangle is a type of parallelogram.
1. Continuing in their pair, students need to discuss how they would find the area of the quadrilaterals they have made.
The discussion should focus on encouraging students to recall, from Unit 7 Learning episode 11 – a slant on solar energy, that the area of a parallelogram is found by multiplying the base length by the perpendicular height and that using the formula  can be useful.
1. Ask students to use a ruler to measure the base length and the perpendicular height and to find the area of the parallelograms they have drawn.
1. In a Think-Pair-Share, ask the students how they might use the information about the area of the parallelogram to find the area of the triangles they used to create the parallelogram.
Students should be able to recognise that if 2 identical triangles were used to create the parallelogram, that the area of one of the triangles is half of the area of the parallelogram.
1. Use the Geogebra applet ‘Area of a Triangle interactive (cf parallelogram)’ (https://bit.ly/AreaOfTriangle) to demonstrate that any triangle can be duplicated and manipulated to form a parallelogram.
1. Ask students to identify what is the same about the triangle and the parallelogram.
Students should identify that they have the same base length and height.
1. Students are to complete Appendix B ‘Triangles into parallelograms’. They need to turn each triangle into a parallelogram before recording the base and height of the parallelogram and then calculating the area of both the parallelogram and the triangle.


Summarise
1. Use slides 8 to 15 from the Too clever by half PowerPoint for explicit teaching of the formula for the area of a triangle.
The explicit teaching technique used in the PowerPoint is ‘Your turn’. The first slide is a worked example which should be displayed for the students before using the following steps.
1. Reveal the question to students and its solution.
2. Students read in silence.
3. Students individually explain to themselves what is happening in each step.
4. Students hold a thumbs up to the teacher when they have finished reading and have some sort of understanding.
5. Think-Pair-Share. Students explain the solution to their partner.
6. In pairs, students then answer the self-explanation questions.
7. Finally, randomly select students to share their answers with the whole class.
2. Students are to individually complete Appendix C ‘Triangle practice’ to practise using the formula for area of a triangle.
Apply
There are 3 tasks outlined below that students could complete to consolidate their knowledge of finding the area of a triangle. Teachers can choose which tasks and as many tasks as necessary for their students.
Investigating further
1. Display slide 16 of the Too clever by half PowerPoint and relate this back to our Launch.
1. Ask the question: ’Which of these 2 triangles do you now think has the greater area?’. Ask the class to vote by holding up 1, 2 or 3 fingers in front of their chest.
The straight triangle.
The leaning triangle.
Both the same.
Students may have some insight through completing the questions in Appendix B.
1. Working as a pair, ask students to calculate the area of both triangles to test their answer.
1. Challenge students to discuss how they could draw at least 2 other triangles with the same area as those on the screen.
1. Lead a class discussion to identify the area of the triangles and for students to share how they could create other triangles with the same area.
1. Display slide 17 of the Too clever by half PowerPoint.
1. Conclude with students that any triangles with the same base and height will have the same area, regardless of their shape.
1. Display slide 18 of the Too clever by half PowerPoint. Discuss with students what effect moving the top point of the triangle up would have on the area.
1. Assign students to visibly random groups of 3 (bit.ly/visiblegroups) on vertical non-permanent surfaces (bit.ly/VNPSstrategy).
1. Issue each group an investigation from Appendix D ‘Triangle investigation’. There are 8 different investigations.
1. Lead a class discussion to conclude that the area will increase as the height of the triangle increases. Encourage students to further generalise these findings: For instance, if the height doubles, the area will double.
Triangle Venn
Students complete the ‘Area of a triangle’ Venn diagram task from https://mathsvenns.com/area-of-a-triangle/.
They need to draw a triangle in each region of the Venn diagram that satisfies the given conditions.
For example, in section A they must draw a triangle that has an area less than 30. If section F, they must draw a triangle that has a base of 5 but an area that is less than 30.
Tricky triangles
Working in visibly random groups of 3 (bit.ly/visiblegroups) on vertical non-permanent surfaces (bit.ly/VNPSstrategy), ask students to solve the problem in Appendix E ‘Tricky triangles’.

Assessment and differentiation
Suggested opportunities for differentiation
Warm up
If students are ready, teachers could choose to just display Slide 4 of the Too clever by half PowerPoint.
Launch
A ‘Which one doesn’t belong’ activity allows all students to engage at an appropriate level. An important element of the activity is that students need to communicate their reasoning, justifying why their selection does not belong.
Explore
Students may find it useful to use a grid to draw an outline of their parallelogram.
Summarise
Students can turn the triangle into a parallelogram to calculate the area if they need to. They could also count squares if that is their level of readiness.
If necessary, revisit the warm-up activity to ensure students are correctly multiplying the values after substituting.
Encourage students to continue drawing bar models to assist them in working backwards to find the height or base. For students who are ready, encourage them to demonstrate the correct algebraic working alongside their bar model.
Apply
Some students may need hints to identify a useful strategy to solve the Tricky triangles problem. Identifying triangles and rectangles will assist students.
Students could be challenged to create their own triangle Venn.


Suggested opportunities for assessment
[bookmark: _Hlk147833561]Explore
Monitor student recognition that a triangle is half of a parallelogram.
Appendix B could be collected to check for understanding.
Summarise
Monitor student use of the formula for the area of a triangle.
Check that students are substituting values into the formula for the area of a triangle.
Appendix C could be collected to check for understanding.
Apply
Appendices D and/or E as well as the triangle Venn could be collected to check for understanding.


Appendix A
Triangles
[image: A red acute-angled triangle, sides labelled x, y and z.]	[image: A red acute-angled triangle, sides labelled x, y and z.]
[image: A blue obtuse-angled triangle, sides labelled d, e and f.][image: A blue obtuse-angled triangle, sides labelled d, e and f.]
[image: A purple right-angled triangle, sides labelled a, b and c. It has a purple square in the corner to show the right-angle.]		[image: A purple right-angled triangle, sides labelled a, b and c. It has a purple square in the corner to show the right-angle.]

Appendix B
Triangles into parallelograms
Turn each of the triangles into a parallelogram.
Mark the base length and height of each parallelogram on your diagram and then calculate the area of both the parallelogram and triangle.
	Triangle
	Area of parallelogram
	Area of triangle

	[image: Triangle with base length 9 and height 6.]
	
	

	[image: Triangle with base length 9 and height 3.]
	
	

	[image: Triangle with base length 5 and height 6.]
	
	

	[image: Triangle with base length 9 and height 3.]
	
	

	[image: Triangle with base length 5 and height 9.]
	
	




Appendix C
Triangle practice
	Triangle
	Base
	Height
	Area

	[image: Triangle with base length 4 and height 4.]
	
	
	

	[image: Triangle with base length 4 and height 4.]
	
	
	

	[image: Triangle with base length 4 and height 4.]
	
	
	

	[image: Triangle with base length 4 and height 6.]
	
	
	

	[image: Triangle with base length 2 and height 6.]
	
	
	

	[image: Triangle with base length 6 and height 6.]
	
	
	

	[image: Triangle with base length 4 and height 6.]
	
	
	

	
	
	
	

	
	
	
	

	
	
	
	




Appendix D
Triangle investigation
Group 1
Investigate what happens to the area of the triangle as the top of the triangle moves up.
Use the diagrams and complete the table below.
[image: A grid of 10 by 11 black dots. There are 4 black right-angled triangles. They all have a base of 1 unit. One is 1 unit high, one is 2 units high, one is 3 units high and 1 is 4 units high.]
	Base
	Height
	Area

	
	
	

	
	
	

	
	
	

	
	
	




Group 2
Investigate what happens to the area of the triangle as the top of the triangle moves up.
Use the diagrams and complete the table below.
[image: A grid of 10 by 11 black dots. There are 4 black acute-angled triangles. They all have a base of 2 units. One is 1 unit high, one is 2 units high, one is 3 units high and 1 is 4 units high.]
	Base
	Height
	Area

	
	
	

	
	
	

	
	
	

	
	
	




Group 3
Investigate what happens to the area of the triangle as the top of the triangle moves up.
Use the diagrams and complete the table below.
[image: A grid of 10 by 11 black dots. There are 4 black acute-angled triangles. They all have a base of 4 units. One is 1 unit high, one is 2 units high, one is 3 units high and 1 is 4 units high.]
	Base
	Height
	Area

	
	
	

	
	
	

	
	
	

	
	
	




Group 4
Investigate what happens to the area of the triangle as the top of the triangle moves up.
Use the diagrams and complete the table below.
[image: A grid of 10 by 11 black dots. There are 4 black obtuse-angled triangles. They all have a base of 2 units. One is 1 unit high, one is 2 units high, one is 3 units high and 1 is 4 units high.]
	Base
	Height
	Area

	
	
	

	
	
	

	
	
	

	
	
	




Group 5
Investigate what happens to the area of the triangle as the top of the triangle moves up.
Use the diagrams and complete the table below.
[image: A grid of 10 by 11 black dots. There are 4 black acute-angled triangles. They all have a base of 3 units. One is 1 unit high, one is 2 units high, one is 3 units high and 1 is 4 units high.]
	Base
	Height
	Area

	
	
	

	
	
	

	
	
	

	
	
	




Group 6
Investigate what happens to the area of the triangle as the top of the triangle moves up.
Use the diagrams and complete the table below.
[image: A grid of 10 by 11 black dots. There are 4 black right-angled triangles. They all have a base of 3 units. One is 1 unit high, one is 2 units high, one is 3 units high and 1 is 4 units high.]
	Base
	Height
	Area

	
	
	

	
	
	

	
	
	

	
	
	




Group 7
Investigate what happens to the area of the triangle as the top of the triangle moves up.
Use the diagrams and complete the table below.
[image: A grid of 10 by 11 black dots. There are 4 black obtuse-angled triangles. They all have a base of 3 units. One is 1 unit high, one is 2 units high, one is 3 units high and 1 is 4 units high.]
	Base
	Height
	Area

	
	
	

	
	
	

	
	
	

	
	
	




Group 8
Investigate what happens to the area of the triangle as the top of the triangle moves up.
Use the diagrams and complete the table below.
[image: A grid of 10 by 11 black dots. There are 4 black obtuse-angled triangles. They all have a base of 4 units. One is 1 unit high, one is 2 units high, one is 3 units high and 1 is 4 units high.]
	Base
	Height
	Area

	
	
	

	
	
	

	
	
	

	
	
	


Appendix E
Tricky triangles
The figure shows 3 squares of sides ,  and .
1. Find the total area of A and B.
1. Find the area of the shaded part.
[image: A diagram of 3 squares. The first square is 3 centimetres wide, the next rectangle is 8 centimetres wide and the third rectangle is 6 centimetres wide. A shaded section is shown from the top left of the first and second squares down to the bottom right of the second and third squares. The dimensions of the squares are shown in black text. ]

Sample solutions
Appendix A – triangles
Measurements are approximate.
Possible solution 1: acute angled triangle rotated with side y matching.
	[image: Two red acute-angled triangles, labelled x, y and z. One is rotated 180 degrees and is joined to the other triangle. The base length is 7.5 centimetres and the perpendicular height is 6.2 centimetres.]
	



 


Possible solution 2: obtuse angled triangle rotated with side e matching.
	[image: Two blue obtuse-angled triangles, labelled d, e and f. One triangle is rotated 180 degrees and joined to the other triangle. The base length of the triangle is 5.3 centimetres and the perpendicular height is 5.3 centimetres.]
	






Possible solution 3: right-angled triangle rotated with side c matching.
	[image: Two purple right-angled triangles, labelled a, b and c and each with a square in the corner indicating the right-angle. One triangle is rotated 180 degrees and joined to the other triangle along the hypotenuse. The base length of the triangle is 4.5 centimetres and the height is 6 centimetres.]
	






Appendix B – triangles into parallelograms
	Triangle
	Area of parallelogram
	Area of triangle

	[image: two triangles joined to make a parallelogram with base length 9 and height 6]
	
	

	[image: two triangles joined to make a parallelogram with base length 9 and height 3]
	
	

	[image: two triangles joined to make a parallelogram with base length 5 and height 6]
	
	

	[image: two triangles joined to make a parallelogram with base length 9 and height 3]
	
	

	[image: two triangles joined to make a parallelogram with base length 5 and height 9]
	
	




Appendix C – triangle practice
	Triangle
	Base
	Height
	Area

	[image: triangle with base length 4 and height 4]
	4
	4
	

	[image: triangle with base length 4 and height 4]
	4
	4
	

	[image: triangle with base length 4 and height 4]
	4
	4
	

	[image: triangle with base length 4 and height 6]
	4
	6
	

	[image: triangle with base length 2 and height 6]
	2
	6
	

	[image: triangle with base length 6 and height 6]
	6
	6
	

	[image: triangle with base length 4 and height 6]
	4
	6
	

	[image: bar model showing 12=4h]
	

	
	

	[image: bar model showing 24=4h]
	

	
	

	[image: bar model showing 8=h]
	
	

	




Appendix E – tricky triangles
[image: A diagram of a 3 squares. The first square is 3 centimetres wide, the next rectangle is 8 centimetres wide and the third rectangle is 6 centimetres wide. A shaded section is shown from the top left of the first and second squares down to the bottom right of the second and third squares. The dimensions of the squares are shown in black text. There are red arrows and texts used to annotate the diagram with further information used to solve the problem.]
1. 
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